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A BERGER-GREEN TYPE INEQUALITY
FOR COMPACT LORENTZIAN MANIFOLDS

MANUEL GUTIERREZ, FRANCISCO J. PALOMO, AND ALFONSO ROMERO

ABSTRACT. We give a Lorentzian metric on the null congruence associated
with a timelike conformal vector field. A Liouville type theorem is proved and a
boundedness for the volume of the null congruence, analogous to a well-known
Berger-Green theorem in the Riemannian case, will be derived by studying
conjugate points along null geodesics. As a consequence, several classification
results on certain compact Lorentzian manifolds without conjugate points on
its null geodesics are obtained. Finally, several properties of null geodesics of
a natural Lorentzian metric on each odd-dimensional sphere have been found.

1. INTRODUCTION

In [13], L. W. Green solved the famous Blaschke conjecture in dimension two. A
key tool to prove it was the Berger inequality, which asserts

2a2
area(M, g) > —x(M),
i

X (M) being the Euler-Poincaré characteristic of M, for a 2-dimensional compact
Riemannian manifold (M, g) without conjugate points before a fixed distance a in
the parameter of any (unit) geodesic, and the equality holds only in case (M, g)

has constant sectional curvature Z—z This inequality was later generalized to higher
dimensions by Berger and independently by Green [6] Proposition 5.64] as follows:

a2
1.1 (M, g) > ———
( ) VO( 7g)— 7T2TL(TL—].) /M‘Sd/j/_(h

where (M, g) is a compact Riemannian manifold of dimension n, scalar curvature
S, and without conjugate points before a fixed distance a in the parameter of any
geodesic. Moreover, equality holds if and only if (M, g) has constant sectional

curvature Z—j Note that the Berger inequality is a direct consequence from (1)),

via the Gauss-Bonnet theorem. The Berger-Green inequality can be equivalently

written as follows:

Cl2

1.2 (UM, §) > — Ric dy,
(1.2) Vol(U ’g)_WQ(n—l)/[]MRICd'ug’
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where UM denotes the unit tangent bundle of (M, g), § is the restriction to UM of

the Sasaki metric on the tangent bundle 7'M, Ric denotes the quadratic form asso-
ciated with the Ricci tensor of (M, g) and dpuy is the canonical measure associated
with § (the kinematic measure).

On the other hand, the Blaschke conjecture for spheres of any dimension re-
mained unsolved until 1978, when a nice proof was found using results of M. Berger,
J. Kazdan, A. Weinstein and C. T. Yang (see [19] and references therein or [6, Ap-
pendix DJ).

Inspired by this approach, in this paper we study conjugate points along null
geodesics on Lorentzian manifolds. Remember that no null geodesic of any 2-
dimensional Lorentzian manifold has conjugate points [4] Lemma 10.45]. On the
other hand, it is not difficult to see that there are no conjugate points along null
geodesics in any Lorentzian manifold of constant sectional curvature. For a general
Lorentzian manifold, conjugate points along null (or more generally nonspacelike)
geodesics have been systematically studied [4] Chapters 10 and 11], [23, Chapter
10], even from different approaches [I0]. In the compact Lorentzian case, as far
as we know, not much has been studied about the behaviour of conjugate points
along null geodesics. We will introduce in this paper a new integral inequality on a
compact Lorentzian manifold that admits a timelike conformal vector field which
extends to the Lorentzian case the Berger-Green inequality. We will apply this
inequality to get new information about conjugate points along null geodesics.

Given an n(> 3)-dimensional Lorentzian manifold (M, g), the null congruence
associated with a timelike vector field K, Cx M, is a natural codimension-two
orientable submanifold of the tangent bundle T'M (see section 2 for the definition
and main properties). It was used to characterize Robertson-Walker space-times
[15], and to study infinitesimal null isotropy [2I]. The null congruence has the
property that, for each null tangent vector v, there exists a unique A € R such that
v € Cx M; thus, it can be seen as the manifold of all null tangent directions.

The null congruence can be endowed with a Lorentzian metric §, namely, the
restriction to Cx M of the Sasaki metric on T'M induced from the Lorentzian metric
g. Several geometric properties of (Cx M, §) are similar to the well-known ones of
the unit tangent bundle of a Riemannian manifold; for instance, C'x M is a fibre
bundle with fibre a sphere S"~2 (note that n is the dimension of M) and the
natural projection from CxM onto M is a semi-Riemannian submersion in the
sense of Gray [12] and O’Neill [23] Definition 7.44].

The unit tangent bundle is invariant by the geodesic flow. Nevertheless, Cx M
is not invariant by the geodesic flow in general, but it is if and only if the vector
field K is assumed to be conformal (Proposition EZH). This fact is fundamental
for our approach, because it permits us to choose a distinguished affine parameter
for each null geodesic, which we will call affine K-parameter (see discussion after
Proposition [2.H). Moreover, the existence of a timelike conformal vector field per-
mits us to prove (without assuming compactness) a Liouville type theorem, i.e., the
canonical measure associated with the Lorentzian metric ¢ on Cx M is preserved
by the geodesic flow (Theorem B.6). This will be a technical key fact in reaching
our main goal in this paper.

On the other hand, the study of conformal vector fields in Lorentzian Geometry
is a topic of special importance. Historically, it has been developed mainly under
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assumptions of interest in physics. From a mathematical viewpoint, the particu-
lar case of Killing vector fields has appeared as a useful tool to get classification
theorems in some areas of Lorentzian Geometry, [I7] and [29]; moreover, standard
Lorentzian space forms (those with a time-orientable double semi-Riemannian cov-
ering admitting a timelike Killing vector field) have been studied in [22]. In the com-
pact Lorentzian case, the assumption of the existence of a timelike conformal vector
field yields to geodesic completeness [25] (remember that a compact Lorentzian ma-
nifold may be incomplete). Finally, the existence of a timelike conformal vector field
has also been used to classify compact Ricci-flat Lorentzian manifolds [26], [27], and
to study compact spacelike hypersurfaces of constant mean curvature [2].

The main result of this paper is the integral inequality (Theorem [3.2)),

Cl2

1. (Cr M, §)> —— Ric dyu;
(1.3) Vol(Ck ’g)_7r2(n—2) /CKMRlcdug

where null geodesics of (M, g) are assumed to have no conjugate point in [0, a).
Moreover, the equality can be characterized in terms of the null sectional curva-
ture. In Lorentzian geometry, sectional curvature plays quite a different role than
in Riemannian geometry due to the fact that it cannot be defined on null (i.e., de-
generate) tangent planes. Harris introduced the notion of null sectional curvature
and pointed out its relationship with the usual sectional curvature [14]. If a null
congruence has been fixed, then the null sectional curvature can be seen as a map
on null tangent planes (see comment after Remark 2.8]).

The remainder of this paper is devoted to showing several applications of the
previous integral inequality (I.3). In Theorem we give another version of ([.3)
which implies, as a particular case, the Berger-Green inequality in the Riemannian
case (Corollary B:9). If the conformal vector field K is assumed to be Killing and
null geodesics are assumed to have no conjugate point in [0, a), then (I3]) may be
notably improved. Moreover, in this case, equality holds if and only if g(K, K) is
constant and the universal Lorentzian covering of (M, g) is globally isometric to the
semi-Riemannian product (R x S"~1(92), —dt? + geqn), with h = 1/y/—g(K, K),
(Corollary B.S).

Moreover, we prove in Corollary that if a compact Lorentzian manifold
(M, g) of constant scalar curvature Sy admits a timelike Killing vector field K and
has no conjugate point on its null geodesics, then Sy < 0, and Sy = 0 implies
that the first Betti number of M is not zero and the Levi-Civita connection of
g is Riemannian. So, we obtain a proper extension of Kamishima’s theorem [17]
Theorem A(1)] (see Remark BT for more details).

As a practical application, we show in the last section of this paper several
nice properties of the null geodesics of a natural Lorentzian metric on the odd-
dimensional sphere S?"*1. We prove the existence of a conjugate point along any
null geodesic. Furthermore, the first conjugate point along a null geodesic occurs at
the same value QWW of its affine K-parameter, which is independent of the point and
the null direction. Moreover, the topology of the lightlike conjugate locus of any
point of $?"*! is analyzed (Proposition@d]). For the special case S, we notice that
its null sectional curvature is 8, and it is the unique odd-dimensional Lorentzian
sphere with constant null sectional curvature (Remark [A.5]).
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2. NULL CONGRUENCE AND GEODESIC VECTOR FIELD

Let (M,g) be an n(> 2)-dimensional Lorentzian manifold, that is, a (con-
nected) smooth manifold M endowed with a nondegenerate metric g with signa-
ture (—, 4, .....,+). We shall write V for its Levi-Civita connection, R for its Rie-
mannian curvature tensor (our convention on the curvature tensor is R(X,Y)Z =
VxVyZ —VyVxZ —Vxy)Z), Ric for its Ricci tensor and Ric for its associated
quadratic form. As usual, the causal character of a tangent vector v € T, M is time-
like (resp. null, spacelike) if g(v,v) < 0 (resp. g(v,v) =0 and v # 0, g(v,v) > 0 or
v=0). If v € T,M, then v, will denote the unique geodesic such that ~,(0) = p
and v,,(0) = v. It is well known that the causal character of 7/(¢), for any geodesic
v of (M, g), does not depend on the parameter ¢t. In particular, a null geodesic
of (M, g) is a geodesic such that 4/(¢) is a null vector. A vector field K € X(M)
is said to be timelike if K, is timelike for all p € M. A timelike or null tangent
vector v € T, M is said to be future (resp. past) with respect to K if g(v, K,) <0
(resp. g(v,Kp) > 0). We will write U = hK where h = [—g(K, K)]”
g(U,U) =—1.

Unless we indicate otherwise, (M,g) will denote a Lorentzian manifold that
admits a timelike vector field K. Recall [15], [21] that the null congruence associated
with K is the set

CxkM ={veTM : g(v,v) =0 and g(v, Kp,) =1},

where m: TM — M is the natural projection. We put (Cx M), = CxkM NT,M.

In this section we develop several properties of the null congruence. The first
important result is Theorem 2.6, which is a Liouville type theorem that allows us
to handle properly some integrals on the null congruence.

N

and so

Proposition 2.1. Cx M is an orientable imbedded submanifold of TM with di-
mension 2(n — 1).

Proof. Let F : TM — R? be the map defined by F(v) = (g(v,v),g(v, Kxy)). It
is clear that F' is smooth and Cx M is the inverse image of its regular value (0, 1).
T M being an orientable manifold, it suffices to construct two pointwise independent
vector fields along the imbedding Cx M — T M, A and K, such that

(2.1) T,TM =T,Cxk M ® W, for all v € Cx M,
where W,, = Span {A,, K,}, [l Proposition 6.5.8]. In fact, A and K can be chosen
such that

A, =)y and Ky = (Krp)os
where (), : TroM — T, T, M denotes the natural identification. O
Proposition 2.2. (CxM,n, M) is a fibre bundle with fibre type S"~2 and structure
group O(n —1).

Proof. Let E1,Es,...,E,_1,E, = K be a local basis on an open subset O C M
such that g(E;, Ej) = 6;; and g(E;, K) = 0 for every 1 < 4,5 < n —1. We can
define a local trivialization as follows:

U '0) — OxS"?% v (WU, 1/v/—vp(v1, ...,vn_l)),

where v = " | v;E;(wv). The result follows after choosing a suitable family of
such local trivializations [16, Chapter 5]. O
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Let (M, g) be a semi-Riemannian manifold with Levi-Civita connection V. The
connector ¢ associated with V is defined by
Va

c: TTM — TM, X’_)Elo’

where « is a curve in TM with /(0) = X and Y2 is the covariant derivative of the

vector field a along the curve m o « on M. The map c is well defined and the pair
(¢, m) is a vector bundle morphism from 7pps : TTM — TM ton: TM — M,
7wy being the natural projection. Moreover, if (u), € T,TM where u € Ty, M,
then c((u),) = u.

We consider the Sasaki metric g on TM defined from g, [32, Section 4.5] and [6]
Section 1.K]

(X, Y)=g(dn(X),dn(Y)) + g(c(X),c(Y)) forall XY € T,TM.

Recall that = : (T'M,§) — (M,g) is a semi-Riemannian submersion in the
terminology of Gray [12] or O’Neill [23, Definition 7.44]. Let ¢, be the restriction
¢ |1, (ray for every v € TM. We get the following g-orthogonal decomposition:

T, TM = Ker ¢, ® T, Ty, M.

If (M, g) is a Riemannian manifold, then (7'M, §) is also a Riemannian manifold;
but if (M,g) is Lorentzian, then (T'M, ) is a semi-Riemannian with index 2. In
the sequel, ¢ also will represent the induced metric on Cx M from the Sasaki one
of TM.

Proposition 2.3. (CxM, ) is a Lorentzian manifold and the restriction of m to
CxM 1is a semi-Riemannian submersion with spacelike fibres.

Proof. In the same notation as in the proof of Proposition 1], we get g(A, A) = 0,
g(A,K) =1 and §(K,K) < 0. Therefore, at any v € Cx M, W, is a Lorentzian
vector space with the induced metric from §, and it is not difficult to show that
the direct sum decomposition (ZT]) is an orthogonal decomposition. This gives that
(Ck M, §) is a Lorentzian manifold.

Forallp e M, T,(Cxk M), ={w € T,M : g(w,v) = g(w, K;) = 0}, which implies
that the induced metric from § on (Cx M), is Riemannian. On the other hand, if
we denote by [T}, (CKM)p]J‘ the orthogonal complement of T,(Cx M), in T,Cx M,
then [Tv(CKM)p]J‘ = Ker ¢, and therefore, §(X,Y) = g(dn(X),dn(Y)) holds for
every X,Y € [T,(Cx M),)*. O

Next consider that (M, g) is a compact Lorentzian manifold. Then, it is easily
seen that C'x M must be also compact. As a nice application of the previous result,
if dim M > 3, a slight variation of [5l Proposition A.IIL.5] permits us to obtain the
Fubini type result,

(2:2) /. iy = /A /«;KM) dpy } .

where f € C%(CkM), dpg is the canonical measure induced from the Lorentzian
metric § of Cx M (equivalently, the canonical measure induced from the g-volume
in the following Proposition [Z4)) and du, (resp. dug) is the canonical measure
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associated with g |(CKM)p (resp. g). In particular, for every f € C°(M) we obtain

[ omdns = [ (£ voli)duy,
CgM M

where volg : M — R is defined by volg (p) = Vol ((Cx M)y, §). It is not difficult to
show that ((Cx M), ) and (S""2, h*(p)gean) are isometric Riemannian manifolds
where (S"72, gean) is the canonical Riemannian unit sphere; so

(2.3) volg (p) = wn—2h™*(p),

where w,,_2 denotes Vol(S" "2, g.an). In particular, we have

(2.4) Vol(Cx M, §) = wn_o / "2 dpy,.
M

Recall that the cotangent bundle T* M carries a natural symplectic structure do
where « is the 1-form a(Y) = —mp«p(Y) [dg(Y)] with Y € TT*M, and wp«ps :
TT*M — T*M, and q : T*M — M are the natural projections.

If (M,g) is a semi-Riemannian manifold, then g determines a vector bundle
isomorphism b from TM onto T*M by putting v — g(v, ). We call ay the pull-
back by b of a; so

(2.5) ag(X) = —g(v, dn(X)),

where X € T,(T'M). Thus, day is a symplectic form on T'M. The geodesic vector
field, induced from the metric g on M, is the vector field Z, € X(T'M) given by

(2.6) iz,(doy) = dE,

where E(v) = %g(v, v). An important property of this vector field is
(2.7) dn(Zg) = mrm(Zg),

where mpps : TTM — T M is the natural projection.

Finally, the flow {®;} of Z,, given by ®,(v) = v, (t), is called the geodesic flow
of (M,g). If (M, g) is assumed to be complete, then Z, is a complete vector field.

Proposition 2.4. Let (M, g) be a Lorentzian manifold that admits a timelike vec-
tor field K. Then the g-volume of (Cx M, §) is given, up to a constant multiple, by
the 2(n — 1) form

By Nag A (deag)" 2,

where fg(X) = —g(Knry,dn(X)) for every X € T,CxM and oy also denotes its
restriction to Cx M.

Proof. 1t is well known that Q = (dayg)™ is, up to a constant multiple, the §-volume
of (TM,g). So ixiaf) is a volume form on Cx M; moreover, it is the g-volume,
up to a constant multiple. In fact, we take the following vector fields along the
inclusion Cx M — T M,

(28) b= e and & = VK KIA + &,
_g(Kv K)
and a straightforward computation gives that & and &5 are g-orthonormal with &;
timelike and ixia Q) = i¢, 1¢, 2.
Now, we get LAy = iadog + diaag = iaday. On the other hand, a direct
calculation gives us £a oy = ay. Therefore, iaQ = nay A (dag)"’l. Thus ikia$) =
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n ikog A (dag)" ™ — (n — 1)ag Aixdag A (dag)™2]. We end the proof by taking
into account that ixay = 0 and ixday = Lxoy = fBy. [l

Since §(Z4,A) = §(Z4,K) = 0, we obtain from (ZI) that Z,(v) € T,Cx M for
every v € Cxg M and every timelike vector field K. Nevertheless, Cx M may be not
invariant by any local geodesic flow. We will characterize this fact in the following
result.

Recall that a conformal vector field on a semi-Riemannian manifold (M, g) is a
vector field K such that £xg = pg, where p is a (necessarily smooth) function on
M. Equivalently, this condition can be written

(2.9) g(VxK,Y)+g(X,VyK) = pg(X,Y),

for every X, Y € X(M). When p = 0, the conformal vector field is Killing. Tt is
easy to check that for an arbitrary timelike vector field K, Cx M is invariant by
the differential of the flow of K if and only if K is Killing.

Proposition 2.5. Let (M, g) be a Lorentzian manifold that admits a timelike vec-
tor field K. Then, Cx M is invariant by any local geodesic flow if and only if K is
a conformal vector field.

Proof. If K is a conformal vector field, then for every v € Cx M, we get from (2.9)

that %g(’yqan“/v) = g(’)ﬁ:}; V;(t%) = %(P o ’)’v)g(’y':)a’y;) =05 thus g(q)t(v)aK'yv(t)) =

g(v, Kr,) = 1. Conversely, if Cx M is invariant by any local geodesic flow, then
an easy computation gives (£x¢g)(v,v) = 0 for every v € Cx M. Thus, from [0
Theorem 1], there exists p € C*°(M) such that Lxg = pg. O

Note that if K is a timelike conformal vector field, then every null geodesic 7,
of (M,g) with v,(0) = v € CxgM, gives rise to a null geodesic v, of (CxM,g).
Furthermore, each null geodesic 3 of (M, g) may be reparametrized to obtain a
null geodesic « that satisfies o/(t) € Cx M for all ¢. In fact, from Proposition 5]
it can be shown that g(5’, K3) = a € R, a # 0. Thus, if we put o(t) = ﬁ(%) we
achieve g(o/, K,) = 1. Thus, in the sequel, we always assume that a null geodesic
v of (M, g) satisfies g(7', K,) = 1 and then we will call the parameter ¢ of  the
affine K-parameter.

Let z : [0,a] x (=6,0) — M, x = z(t, s), be a smooth variation of a curve v. We
write Oy, Osx for da( %), dx( %) respectively, and denote covariant derivation of
vector fields along x, with respect to the directions %, % by V¢, Vg, respectively.
It is well known that V.0, = V 0z (see, for instance, [23] Proposition 4.44]).

In the sequel of this paper, the following Liouville type result will be a key fact.

Theorem 2.6. Let (M, g) be a Lorentzian manifold that admits a timelike confor-
mal vector field K. Then

div(Zy |cem) = 0,
where div denotes the divergence operator on (Cx M, g).

Proof. In this proof Z, will be written for Z, |, pm. From Proposition[Z4lit suffices
to show that £, (84 A ag A (dag)™™2) = 0.

From (Z35), (Z8) and (1), taking into account that ay(Z,) = —2F vanishes on
Ck M, the above condition is equivalent to

(2.10) (£2,84) A ag A (dag)" 2 =0.
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Let v € Ck M and X € T,,Cx M. We take a curve A on Cx M such that A\(0) = v
and A (0) = X. The following formula gives a variation of v, : [0,e] — Cx M for
some € > 0 sufficiently small:

T [075] X (_5a 5) - CKM; (t,S) = q)t(A(S)) = ’73\(3) (t)

Observe that all the longitudinal curves of x are null geodesics of (Cx M, §).

One easily checks that d®.(X) = d®.(N(0)) = J(¢) where J is the variation
vector field of . Now, in a natural way, xz provides us with a variation 7w o x of
Yo : [0,€] — M with null geodesics as longitudinal curves. Thus, we can get

((I):ﬂg)v(X) = (Bg)a. () (dP:(X)) = —g(J(e), Ky, (o)),
where J is the variation vector field of 7 o x; so
d
(2.11) £zgﬂg(X) = —ﬁg(J, Ky,) lo-
Since 0¢(m o x)(0,5) = A(s) € Cx M, we obtain ¢g(9;(m o ), Kyor) = 1, and thus
g(Vsﬁt(w ox)(t,s), Krox(t, s)) + g((‘)t(ﬂ ox)(t,8), Vs Krox(t, s)) =0.

If we take ¢, s = 0 in the previous equation, then

(212)  g(Kn 1o ) = 9 (00), V52 1o ) + (pom)w)g (v, T(0)) =0,

dt
where £xg = pg. But J(0) = dn(X) and

A
o(X) = Z—S lo= Vh(m 0 2)(0,0) = V,0s(m 0 2)(0,0) = % o
On the other hand, §(X,K,) = g(c(X), Kry) = 0. Thus, [ZI2) and ZII) yield
£, By = (pom)ay. o

Remark 2.7. Observe that our proof in Theorem Pl cannot be directly deduced
from the classical Liouville theorem in the Riemannian case [6] Proposition 1.56].
In fact, the g-volume of (Cx M, §) introduced in Proposition 24 clearly depends
on K, as is shown by the presence of the 1-form j, in its definition. Compare with
I3, Appendix].

Assume that (M, g) is a compact Lorentzian manifold and K is a timelike con-
formal vector field. In this case, Z, |cm is a complete vector field. Therefore, as
a consequence of Theorem 2.0, we have

(2.13) / (fo®)dug = / fdug
CKM CKM
for every f € C°(CxM) and t € R.

Remark 2.8. In [21] the null congruence has been defined as only associated with
a unit timelike vector field U; so, from (Z3), voly(p) would not depend on p.
Nevertheless, if we take U instead of K in our computations, then U may be
nonconformal. As we have shown, to be conformal is crucial in getting Proposition
and Theorem [Z6] (see also [T7]).

Now, we close this section by analyzing the well-known notion of null sectional
curvature [4, Definition A.6], [I5]. Let (M, g) be a Lorentzian manifold, dim M > 3.
Given a null vector v and a null plane ¢ containing v, the null sectional curvature
with respect to v of the plane ¢ is defined to be K,(c) = g(R(u,v)v,u)/g(u,u),
where u # 0 is any nonnull (and therefore spacelike) vector in o. This is independent
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of the choice of the nonzero spacelike vector u, but it does depend quadratically
on the choice of v in 0. However, if a null congruence associated with a timelike
vector field K has been fixed and we make the choice of v € C'x M N, then the null
sectional curvature can be thought of as a function on null planes. In this paper we
always use null sectional curvature under that assumption and we will call it the
K-normalized null sectional curvature.

It is well known that null sectional curvature is identically zero if and only if
the sectional curvature is constant [I14] Proposition 2.3]. On the other hand, a
semi-Riemannian product I x B of a negative definite open interval (I, —dt?) and a
Riemannian manifold (B, gg) has constant %—normalized null sectional curvature
c if and only if (B, ¢gp) has constant sectional curvature c.

3. THE INTEGRAL INEQUALITY

In this section we prove a boundedness property for the volume of the null
congruence associated with a compact Lorentzian manifold that admits a timelike
conformal vector field and with no conjugate point along any null geodesic before a
fixed length of its affine K-parameter. As mentioned in the introduction, this will
resemble the inequality of Berger and Green in the Riemannian case. In fact, in
the particular case that our Lorentzian manifold is the product of (S!, —gean) and
an arbitrary compact Riemannian manifold (B, gp), we obtain, as a consequence
of our result, the classical theorem of Berger and Green for (B, gg).

We recall that, if v, : [0,a] — M is a null geodesic of (M, g) such that there
are no conjugate points of v,(0) in [0,a), then the Hessian form Hi is positive
semidefinite, i.e.,

@ vV VvV
HE(V,V =/ o( XV YV RV, v) e > 0,
o= [ B T s

for every piecewise smooth vector field V' along ~, such that V(0) = 0, V(a) =0
and g(v,,V) =0, [23, pp. 290, 291].
A standard argument permits us to show:

Lemma 3.1. Let (M, g) be a Lorentzian manifold, and let 7y, : [0,a] — M be a
null geodesic such that 7,(0) has no conjugate point in [0,a). Let V be a vector field
along v, such that V(0) =0, V(a) =0, g(v.,V) =0, and Hi (V,V) =0. Then

Vdig’ + R(V,~v.)vi, = [, where f is a smooth function. O

Now, we are ready to prove the main result of this paper:

Theorem 3.2. Let (M, g) be an n(> 3)-dimensional compact Lorentzian manifold
that admits a timelike conformal vector field K. If there exists a € (0,+00) such
that every null geodesic 7, : [0,a] — M, with v € Cx M, has no conjugate point
of 15(0) in [0,a), then

2

a —_—
. g) > ———— i G-
(3.1) Vol(Cx M, g) > =2 /CKM Ricdpg

Moreover, equality holds if and only if (M, g) has K-normalized null sectional cur-
vature Z—j

Proof. Let v, : [0,a] — M be a null geodesic of (M, g) such that v € Cx M.
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We take a set of parallel vector fields Es, ..., E, along v, such that g(E;, E;) = §;;
and g(7,,, E;) = 0 for every ¢, j. Thus, we have [23, Proof of Lemma 8.9]

Ric(7}) Zg Ei, Y)Yy, Ei).

If we put X;(t) = sin ZLE;(t), then
n 2 a t a t—
(3.2) ; HVJ‘“ (X, X)) =(n- 2)2—2/0 cos? 7r;dt - /0 sin? 7%Ric(’y{))dt > 0.

Now, we integrate both sides in the previous inequality on the space Cx M.
Taking into account that ~, (¢t) = ®;(v), Fubini’s theorem and (2.13)), we get

@ it — @ it
(n— 2) VOI(C’KM g)/ cos? —dt > / Ric dug/ sin? —dt.
0 a CxM 0 a

Finally, (1) follows from [;" cos? Ztdt = [’ sin® Ztdt > 0.
We are left with the proof of the 1f and only if part in the equality case. Note
that equality holds in (B) if and only if

(3.3) HJ‘ (X, X;) =0 for every i;

so, from Lemma Bl we have dtQ’ + R(X:,v,)v, = fiv., where the functions f;
are smooth. Consequently,
2
™ Tt
9(R(X;,vi)ve, Xi)(t) = ) sin? o t € [0,al.

On the other hand, a direct computation gives
. o Tt
9(R(Xi,7y)70: Xi) (t) = sin® = IR(Es 7)) 70, E (D), € [0, a],

and hence g(R(E;,v\)7.,, E;) = 72/a?, for every i = 3,...,n, which implies that
K. (0) = 7% /a? for every null plane with v € o. The converse is trivial. O

Remark 3.3. We point out that if the equality holds in &I)), then (M, g) has U-
normalized null sectional curvature —Z—j g(K,K). That is, the U-normalized null
sectional curvature of (M, g) is a point function. So, (M, g) is infinitesimally null-
isotropic relative to U in the terminology of L. Koch-Sen in [21]. In that paper and
in [15], it is shown that if U is a unit timelike vector field on a Lorentzian manifold
(M, g), with dim M > 3, then (M, g) is infinitesimally null-isotropic relative to U
if and only if it is infinitesimally isotropic relative to U, which means [I§] that

R(X,Y)V =k{g(Y,V)X — g(X,V)Y} and R(X,U)U = 06X,

for all X,Y,V € Ut where k,6 € C°®°(M). Moreover, (M, g) is infinitesimally
isotropic relative to U if and only if all planes containing U have sectional curvature
—0, and all planes perpendicular to U have sectional curvature k. In this case we
get v =60 + k, where v : M — R is the function defined by K, (o) with v € Cy M
and o is a null plane such that v € o, [2I]. In [I8] H. Karcher proved that, when
dim M > 4, a Lorentzian manifold (M, g) is infinitesimally isotropic relative to U,
with everywhere nonzero null sectional curvature, if and only if:

1. The distribution U~ is integrable.

2. The integral manifolds of U~ are totally umbilic and have constant curvature.

3. (M, g) is locally conformal to a flat Lorentzian space.
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We would like to point out that conclusion 1 does not remain true if it is assumed
dim M = 3 (see Remark E.5] below).

Next we are going to show several technical results which permit us to give
another interpretation for the right-hand side of integral formula (Z1). Let T be
a symmetric bilinear form on T,M. We write T'(v) = T(v,v) for its associated
quadratic form and Ap for the linear operator given by T'(u,v) = g(Ar(u),v).

Lemma 3.4. Let (M,g) be an n(> 3)-dimensional Lorentzian manifold admitting
an arbitrary timelike vector field K. Take a point p € M.
(a) If ¢ is a linear 1-form on T, M, then

/ o dpu, = —wn—2p(K,)h(p)".
(CKM)p

(b) If T is a symmetric bilinear form on T,M, then

~ nnh 2T(K,) + trace A
/ Ty, = wn_ah(p) [T pi T]
(Cx M), (n—1)

Proof. (a) To check this formula, we are going to study the semi-Riemannian sub-
manifold ((CxM)y,g) of (T,M,g) (note that g [7,pr= g). We take §; and &2 as
they were defined in (2.8) but restricted to (CxM),. Observe that

(T.(CxM)p) " = Span {1 (v), &2 (v)} € TUT,M.
The Gauss formula for the submanifold (Cx M), in T, M is written as follows:
(34) V(;(Y =VxY - h(p)_lg(X7 Y)§25

where X, Y € X((CxkM),) and V° (respectively V) is the induced connection on
(Cx M), CTpM (resp. the Levi-Civita connection of g |(cy 1), )-

Denote by Hess and Hess” the Hessian operators of (Cx M), and T, M, respec-
tively. It is easily seen from (34, taking into account Hess’(y) = 0, that

(35) Hess (X, Y) = —h(p) " 'g(X,Y)é2().
A straightforward computation from (B.H) gives for the Laplacian of ¢ in (Cx M),,
(3.6) (Ap)(v) = —(n —2)h(p) " &2, (¢)-
Since ¢ is lineal, A(¢) = ¢ and K(p) = ¢(K,). Thus, we get
(3.7) D = (n—2)[g(Kp, Kp)p — o(Kp)].
Our integral formula in (a) can be directly achieved from ([B7) by taking into
account the classical Green divergence theorem and (Z.3).
(b) If X, Y € X((CxM),), then it is easily seen that
(3.8) Y(T)=2T(Y,A) and X(YT)=2T(VYY,A)+2T(X,Y).
From the Gauss formula (34) we obtain
(39)  X(YT)=2T(VxY,A)—2h(p) 'g(X,Y)T(A, &)+ 2T(X,Y).
Therefore,

(3.10) Hess T(X,Y) = —2h(p) " 'g(X,Y)T(A, &) + 2T(X,Y).
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Let {ai,...,an—2} be an orthonormal basis of T;,(CxM),. Then {a,...,an—2,
&1(v),&2(v)} is also an orthonormal basis of T,T,M = T,M with &1 (v) timelike.
Now, by using (310,

n—2
(3.11)  (AT)(v) = —2(n — 2)h(p) *T(v) — 2(n — 2)T(Kp,v) +2 Y T(as).
i=1

On the other hand,

n—2 _ N
trace Ap = »_T(a;) + h(p) >T(v) + 2T(v, K}),

i=1

which permits us to rewrite (311) as follows:
(AT)(v) = —2(n — 1)h(p) 2T (v) — 2nT (K, v) 4 2traceAr;

thus,
(3.12) / {(1 —n)h(p) T — nT (K, )}dup + traceAr volg (p) = 0.
(CKM)p

We end the proof by taking into account (a) and (Z.3). O

Observe that if S¥ is a usual k-dimensional unit sphere of R"*1, 1 < k < n, i.e.,
Sk = {(ml,...,an) : Zf:ll 2?2 =land T2 = -+ = Tpy1 = O} , and @ is any
1-form on R™"*!  then clearly fsk @ du = 0, where dy is the canonical measure of S¥.
In particular, on the contrary to Lemma B4 (a), it follows that f(UM)p edu, =0,
for any Riemannian manifold (M, g), where p € M, (UM), is the unit sphere in
T, M and ¢ is any 1-form on T, M. Note that (Cx M), is not centered at the origin
of T, M; in fact, u € (Cx M), implies —u ¢ (Cx M),.

Recalling now the integral formula (2-2)) and using Lemma Bl for the Ricci tensor
at any point p € M, we get

(3.13) / Ricdpy = —n=2 / {nﬁE(K)— g(K,K)S} R dpg.
Cx M L Jnm

n —

Now, taking into account this formula, we are in a position to rewrite Theorem
as follows.

Theorem 3.5. Let (M, g) be an n(> 3)-dimensional compact Lorentzian manifold
that admits a timelike conformal vector field K. If there exists a € (0,400) such
that every null geodesic 7, : [0,a] — M, with v € Cx M, has no conjugate point
of 15(0) in [0,a), then

2

(3.14) /M W2 dpy > - _i)(n —5 /M [nﬁTc(U) + S| h™ dpg.

Moreover, equality holds if and only if (M, g) has U-normalized null sectional cur-
vature a’;—; O

Taking T'(u,v) = —g(R(t,Ury)Unv,v), where U is an arbitrary unit timelike
vector field, it is clear that for every v € Cy M, T'(v) is the sectional curvature of
the nondegenerate plane Span {v, Uy, }. Thus, we obtain from Lemma B (b):
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Corollary 3.6. Let (M, g) be an n(> 3)-dimensional compact Lorentzian manifold
that admits a unitary timelike vector field U. Then,

/ T dpg = _wn:zl/ Ric(U) dpg.
CuM n M

In order to apply the previous result to unit timelike vector fields of geometric
interest, note that if K is a timelike conformal vector field with £xg = pg, then
its normalized U satisfies (£r79)(X,Y) = pg(X,Y) for all X, Y € UL. Recall that
a unit timelike vector field is said to be a spatially conformal reference frame if it
satisfies that condition [11]. Note that not all spatially conformal reference frames
can be obtained as previously [27].

By using Corollary .6l we can rewrite [27, Theorem 3.6] as follows:

If Uis a spatially conformal reference frame on an n(> 3)-dimensional compact
Lorentzian manifold (M, g), then

/ Tdpg <0,
CuM

and equality holds if and only if V,U =0 for every v € U+,
On the other hand, from ([B:13)) and Corollary[3:6 we deduce that the total scalar
curvature of (M, g) satlﬁes

~1 S -
/ Sdug = r / [Ric + nT} dpg
Wn—2 Joy M
for every unit timelike vector field U.
We have considered, in all previous developments, timelike conformal vector

fields. Next, we focus our attention on the special case of timelike Killing vector
fields.

O

Lemma 3.7. Let (M,g) be an n-dimensional compact Lorentzian manifold that
admits a timelike Killing vector field K. Then

(3.15) / h"Ric(U) dpy > 0,
M

and equality holds if and only if U is parallel.

Proof. Since divU = 0, the classical Raychaudhuri equation [28, p. 120] for U
reduces to

(3.16) div(VyU) = Ric(U) + trace (A2),
where Aj; is the linear operator of Upl given by Ay (v) = =V, U.

From (3:16]) we can compute div(h"VyU) and using the divergence theorem, we
get

(3.17) / h'"Ric(U) dp, = —/ [h"trace (A7) + (VyU)(R™)] dug.
M M
On the other hand, the adjoint operator of A}, with respect to g |+ is —Aj; and
grad h = —h3V g K. Therefore, if e1,...,e,_1 is an orthonormal basis of UpL, then

trace (A7) = Zg A (ei), Ay (e) <0,
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at any p € M, and (VyU)(h™) = —nh"g(VyU,VyU) <0.
These inequalities imply the announced sign in ([BI3). Equality holds if and only
it A, =0 and VyU = 0. O

Note that if the equality holds in ([BI5]), then h must be constant.

Corollary 3.8. Let (M, g) be an n(> 3)-dimensional compact Lorentzian manifold
that admits a timelike Killing vector field K. If there is a € (0,+00) such that every
null geodesic v, : [0,a] — M, v € Cx M, has no conjugate point of v,(0) in [0,a),
then

2

n—2 a n
. > .
(319 J > oy S

Moreover, equality holds if and only if h is constant and the universal covering of
(M, g) is isometric to the semi-Riemannian product (R X S”_l(“?h), —dt? + gcan>.

Proof. The inequality (318) follows from (814) and Lemma Bl Moreover, equal-
ity holds if and only if U is parallel and (M, g) has U-normalized null sectional
curvature a’{—zz In this case, the result can be deduced from the de Rham-Wu
decomposition theorem [31]. O

Corollary [38 contains, as a particular case, the classical Berger-Green inequality
in Riemannian geometry, ([13], [, Proposition 5.64]).

Corollary 3.9. Let (B,g) be an n(> 2)-dimensional compact Riemannian mani-
fold with scalar curvature S. Suppose no unit geodesic v : [0,a] — B has a
conjugate point in [0,a). Then
2
a

Moreover, equality holds if and only if (B, g) has constant sectional curvature Z_j

Proof. This result easily follows if Corollary B8 specializes to the Lorentzian
manifold (M, gr) = (S' x B, —gean + g), taking as K the lift to S! x B of the
vector field z — iz on S! C C. O

Corollary 3.10. Let (M,g) be an n(> 3)-dimensional compact Lorentzian mani-
fold of constant scalar curvature S = Sy. If (M, g) admits a timelike Killing vector
field K and has no conjugate point on its null geodesics, then Sy < 0, and Sy =0
implies that U is parallel, the first Betti number of M is not zero and the Levi-Civita
connection of g is Riemannian.

Proof. Since there are no conjugate points on null geodesics, [BI4) is valid for all
positive a, which implies

(3.20) / [nﬁTc(U) + So| k™ dpy < 0.
M

Thus, from @IH) we get Sy < 0. If Sy = 0, then it follows from B20) and
(BI3) that U is parallel. Therefore, the Riemannian metric given by gr(X,Y) =
9(X,Y)+29(X,U)g(Y,U) for every X,Y € X(M) and the Lorentzian metric g have
the same Levi-Civita connection. Let w(X) = ¢g(X,U) be the 1-form metrically
equivalent to U, w is closed and if there is f € C°°(M) such that w = df, then
K, = 0 at every critical point pg of f. Therefore, w cannot be exact. O
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Remark 3.11. Kamishima proved [I7, Theorem A] that if a compact Lorentzian
manifold M with constant sectional curvature ¢ € R admits a timelike Killing vec-
tor field, then it is complete and ¢ < 0. Moreover, if ¢ = 0, then M is affinely
diffeomorphic to a Riemannian manifold with nonzero first Betti number. This re-
sult was widely extended in [27] Corollaries 3.8, 3.9]. Since a Lorentzian manifold of
constant sectional curvature has no conjugate point along its null geodesics, Corol-
lary is a proper extension, with a completely new technique, of Kamishima’s
theorem.

4. APPLICATION TO LORENTZIAN ODD-DIMENSIONAL SPHERES

We consider R?"*2 identified with C"*! as usual: (21, ..., Z2n4+2) = (21, -+, Znt1)s

zj = Xj + iTpy144; s0, ST = {z = (21, .., 2ng1) € CF1L: E;jll |2 = 1}

Let U € X(S?"*1) be given by U, = iz at any z € S*"*L. For the canonical
Riemannian metric geqn, of S?"*!, U is Killing and geqn(U,U) = 1. Therefore,
VyU = 0, where V is the Levi-Civita connection of g.qn, that is, the integral
curves of U are geodesics for geqn.

We define on S?"*+! a Lorentzian metric g by
(41) g(Xa Y) = Yean (X; Y) - QQCan(X; U)gcan(Y; U),

for all X,Y € X(S?"*1), [33], [24]. The vector field U satisfies g(U,U) = —1, and it
is Killing for the Lorentzian metric g. Thus ﬁUU = 0, where V is the Levi-Civita
connection of g, and so, its integral curves are timelike geodesics for g. Moreover,
it is not difficult to show that

(4.2) VxY = VxY = 20ean(X, U)Vy U — 2gean(Y, U)V x U.

Since the inclusion map

(SQn-l—l SQm—i— 1

;gcan) — ( ;gcan); (Zl7 ---azn+1) = (217 -"azn+1507 "'ao)a

for m > n, is clearly totally geodesic, a direct computation using (£2) shows
that, if g.qn is changed for g, the same inclusion is a totally geodesic Lorentzian
submanifold.

We consider the Hopf fibration 7 : (S*"*!, gen) — (CP™, grs), 2 — [2], where
CP™ is the complex projective space endowed with its classical Fubini-Study metric
grs of constant holomorphic sectional curvature 4 [20, p. 273]. The Hopf fibration
is a principal bundle with structural group S', and also a Riemannian submersion
with totally geodesic fibres. If g.qy, is replaced by the Lorentzian metric g, then 7 is
a semi-Riemannian submersion from (S?"*1, g) to (CP", grg) with timelike totally
geodesic fibres.

It is useful to have an alternative definition for the metric g in ({I). In fact, we
can also introduce g from the Riemannian metric geq,, by putting

(43) 9y = —Yean|vs Y| = Yean|rs g(VaH) =0,

where V and H are respectively the vertical and the horizontal distributions for the
canonical connection of the Hopf fibration.

Given a Lorentzian manifold (M, g), a unit timelike vector field U on M and
p € M, recall that (M, g) is said to be spatially isotropic with respect to U at p
if for every two unit vectors uy,us € Ulf-, there is an isometry ¢ : M — M such
that ¢(p) = p, dop(Up) = Up and depp(u1) = ue. It is said that (M, g) is spatially
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isotropic with respect to U if it is spatially isotropic with respect to U at every
point, [28, p. 47]. An easy algebraic argument gives

Lemma 4.1. Let (M, g) be a Lorentzian manifold that admits a unit timelike vector
field U. The following assertions are equivalent:

1. (M, g) is spatially isotropic with respect to U.
2. For allp € M and for all u,v € (CuM), there is an isometry ¢ : M — M
such that ¢(p) = p, dop(Up) = U, and dép(u) = v. O

Proposition 4.2. (S?"*1, g) is spatially isotropic with respect to U and the unitary
group U(n + 1) acts transitively by g-isometries on S*"T1.

Proof. Tt is well known that U(n + 1) acts transitively by gean-isometries on §?7+1.
Moreover, the vector field U is U(n + 1)-invariant. Therefore, U(n + 1) also acts
by g-isometries on S?"*1. Thus, it is sufficient to check that (S?"*+1, g) is spatially
isotropic with respect to U at the point e,41 = (0, ...,1) € S+ c C*+1,
Consider U(n) ={A e U(n+1): Aepy1 =ent1}. fu,ve UeJ;L+1 C C"*! then
u = (U1, ..., Un,0) and v = (v1,...,v,,0). Hence, u,v € S*"~1; so, there exists
A € U(n) such that Au = v, giving the required isometry. O

We now give explicit parametrizations for the null geodesics. Because of Propo-
sition it is enough to find the null geodesics starting from the specific point
po = (1,...,0) € $"FL C (C”‘|r1 Note that v € (CyS?"*1),, if and only if
v = (—i,v2, ..., Upt1) With Zj 5 v;U; = 1. On the other hand, ([2) yields

(4.4) V%’yv = —4V% U.

The Gauss equation for the canonical Riemannian unit sphere permits us to
write (£4) as follows:

d?~,
7 g
We obtain for v, = (67,...,0; ;) with ©/ : R - C (1 <j<n+1),

=0.

2—-v2 ; 2+ V2 ;
@v( ) 4\/_6(727\/5)” + 4\/_6(72+\/§)zt’

and

v \/_w i B ; .
@() J[(2\/_)t (2+\/§)t} (> 2).

The following result is similar to the well-known Morse-Schonberg theorem
[8, Theorem 2.14], and its proof follows from a slight variation to the one in the
Riemannian case. Compare with [14], Proposition 2.6].

Proposition 4.3. Let (M, g) be a Lorentzian manifold, 6 > 0, and v : [0,\] — M
a null geodesic such that K.y (o) <6 for all null planes o with v'(t) € o. If v(0)

and y(X) are conjugate points along 7, then A > \/lg, O

As an application of our integral inequalities, we give the following result
about the behaviour of conjugate points along null geodesics in odd-dimensional
Lorentzian spheres.
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Proposition 4.4. For every null geodesic 7y, of (S*"+1,g) with v € CyyS?" 1, ~,(0)
and 'Vv(gLﬁ) are conjugate points and ~y, has no conjugate point on [0, ﬁ) More-
over, the past lightlike conjugate locus of each point p € S*"*1 is an imbedded sphere
S2n71 .

Proof. A slight variation of [7} Proposition 9.70] and (43) gives us for the Ricci
tensor and the scalar curvature of (S?"*+1, g),

(4.5) Ric(U) = 2n and S = Spg o+ 2n,

where Srg is the scalar curvature of CP™. But, we know that Spg = 4n(n+1) and
hence, as a direct consequence of Corollary B.I0 and Proposition 2] there exists
A € (0,+00) such that for every null geodesic v, with v € CyS?* 1, 4, ()\) is the
first conjugate point of ~,(0) along ~,.

From Proposition 1.2 §(v) = —K(v,Uyr,) is a constant function on CpyS?"H1.
Therefore, Corollary 3.6 and (4.35)) give # = 1. On the other hand, if X,Y € U+
are orthogonal and unitary vector fields on S?”*!, then the O’Neill formulas for a
semi-Riemannian submersion, [23] Theorem 7.47], can be claimed to get

(46) K (Xa Y) =Krs (d’lT(X), dﬂ(y)) - %g (V[Xv Y]v V[Xa Y]) )

where we write Kpg for the sectional curvature of (CP™, grg), and V denotes the
vertical operator. By a straightforward computation, we get

(4.7) K (X,Y) = 2Kps (dr(X),dr(Y)) — 1.

Let o be a degenerate plane o = Span{v, X,,} with v € (CyS**1),. We can
write v =Y}, — Up. One easily checks that

(4.8) Ko(o) =1+ K(Xp, Yp) = 2gcan(B(Xp, Yp) Xp, Up),

where R denotes the Riemannian curvature tensor of (S2"1, g). From (f2) we ob-

tain gean(R(Xp, Yp)Xp, Up) = 0; thus, taking into account (£1), the above formula
(ES) reduces to

(4.9) Ky(o) =2Kps(dn(Xp), dn(Yy));
so, using the well-known range of variation of the sectional curvature of CP™, we
have 2 < K, (o) < 8.
Now,

(2n — 1)72

4n+1)
follows directly from (ZE]), Theorem [3.5 and Proposition £33 Therefore, we find
A= ﬁ for (S3, g). Taking into account that (S?, g) is a totally geodesic Lorentzian

(4.10) <A<

o3,

submanifold of any (S?"*1, g), we get the first assertion.
Finally, for any u,v € (CyS?" ), with u # v, 7, (T) = 7,(T) if and only if

T = % for some ¢ € Z; so the last assertion follows from A < \/Li O

Note that Proposition [£4] has a dual version for future null geodesics.

Remark 4.5. We end this section by observing several special geometric facts in
the 3-dimensional case. From Lemma 1] if a 3-dimensional Lorentzian manifold
(M, g) is spatially isotropic with respect to U, then it is infinitesimally null-isotropic
relative to U (Remark [33]). This statement shows, taking into account Proposition
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H2, that the hypothesis dim M > 4 in Karcher’s theorem [I8] cannot be weakened
to dim M > 3, because of nonintegrability of the distribution U~.

We point out that it is possible to get the previous assertion in a different and
direct way. Indeed, using ([3) one derives that the U-normalized null sectional
curvature of (S2"*1,g) is a point function if and only if n = 1, and K, (v) = 8 for
any v € CyS3.
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